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Abstract
Given F ↪→ E → B a fibration we consider the group E(E,B) of self fibre homotopy
equivalences which induce the identity in the homotopy groups of the fibre. Associated to a
cofibration A ↪→X→X/A its Eckmann–Hilton dual its denoted by E∗(X,A). In this note we prove
that, in the rational category and under suitable conditions, these groups are nilpotent.
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1. Introduction
In what follows, unless explicitly stated otherwise, we shall consider objects of the
homotopy category of 1-connected rational spaces of finite type (overQ). This category is
known to be equivalent to that of 1-connected commutative differential gradedQ-algebras
of finite type, and to that of 1-reduced differential graded Q-Lie algebras [10,7]. For
a general (non-rational) space, denote by E(X), the group of homotopy classes of self
homotopy equivalences of X. This group, together with some distinguished subgroups, has
been widely studied. For a survey of known results on the subject we refer to the reader to
[1] or [8].
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Let E(X) be the subgroup of E(X) formed by all classes [f ] such that π∗(f )= 1π∗(X).
For any m 0 we also define Em (X)= {[f ] ∈ E(X) | πi(f )= 1πi(X), i m}.
A well-known result of Dror and Zabrodsky [4] states the following: let X be a (non-
rational) space which is either a finite-dimensional CW-complex or a Postnikov piece,
and let dim(X) denote respectively its topological or homotopical dimension. Then, for
any m dim(X), the group Em (X), and hence E(X), is nilpotent. Félix and Murillo [6]
proved that in the rational category
nilE(X) catX− 1.
Here catX means the Lusternik–Schnirelmann category of X. They also proved the fol-
lowing: associated to a fibration F → E p→ B , consider E(E,F ) the group of homotopy
classes of fibre maps of E which are self-homotopy equivalences and induce the identity
on the homotopy groups of the fibre. This group is nilpotent and
nilE(E,F ) 2 catE − 1.
The purpose of this note is to generalize and dualize these results to the fibrewise setting.
For a given fibration F → E p→ B denote by E(E,B) the group of self-fibre homotopy
equivalences. In analogy with Em (X) we define Em (E,B) as the subgroup of E(E,B) of
fibre classes 〈f 〉 such that [f |F ] ∈ Em (F ). We define E(E,B) as the intersection of all
the groups Em (E,B).
Note that the group defined by Félix and Murillo E(E,F ), is in fact a subgroup of
E(E). Note also that the maps ϕ :Em (E,B)→ Em (E,F ), and ϕ :E(E,B)→ E(E,F )
given by ϕ〈f 〉 = [f ], are surjective morphisms of groups. To see this recall the classical
result of Dold that states that a fibre map is a self-homotopy equivalence if and only if it
is a self-fibre homotopy equivalence [3]. In this situation a natural question arises: is the
bound found by Félix and Murillo for E(E,F ) still valid for E(E,B)? We give a partial
positive answer to this question.
Again, recall that from now on we shall only consider rational spaces and fibrations. We
introduce a new rational invariant, catf (E), that verifies
(1) catE  catf (E).
(2) If π∗(p) is surjective, then catE = catf (E).
Then, we prove:
Theorem 1.1. Let F →E p→ B a fibration. Then
nilE(E,B) 2 catf (E)− 1.
Moreover, assume that either dimπ∗(F ) or dimH∗(E) is finite and let m be such that,
π>m(F)= 0, or H>m(E)= 0. Then
nilEm (E,B) 2 catf (E)− 1.
As a consequence of this and under the assumption of being π∗(p) surjective we recover
the result of Félix and Murillo above.
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On other hand, we dualize in the sense of Eckmann–Hilton these results. First, consider
the group Em∗ (X)= {[f ] ∈ E(X) |Hi(f )= 1Hi(X), i m} and observe that the dual proof
of that in [6] (but using Quillen models) leads us to:
Theorem 1.2. Suppose X has finite-dimensional homotopy or cohomology and let m be
the degree of the last non-trivial homotopy or cohomology group. Then
nilEm∗ (X) cocatX− 1.
Here cocatX means the rational cocategory of X as defined by Sbaï in [9].
One can be even more accurate to give a bound for the solvability class of Em∗ (X)
following an idea of Arkowitz, Lupton and Murillo, see [2]. We develop it here in the
rational case for completeness.
Theorem 1.3. In the conditions of the last theorem let r be the number of non-trivial
homotopy groups of order less or equal than m. Then
solEm∗ (X) r − 1.
To dualize the result about the groups arising from a fibration we consider a cofibration
A ↪→X→X/A
and relative homotopy classes to A of maps (X,A)→ (X,A) which are the identity on
A. Then, define E(X,A) as the group of self-equivalences under this relation. Define also
Em∗ (X,A) and E∗(X,A) as the subgroups of E(X,A) formed for those relative classes such
that the classes induced in the cofibre are elements of Em∗ (X/A) and E∗(X/A), respectively.
Again, we introduce a new rational invariant, cocatc(X), which verifies
(1) cocatX cocatc(X).
(2) If H∗(i) is injective, then, cocatX = cocatc(X).
The dual proof of the one given for E(E,B) leads us to
Theorem 1.4.
nilE∗(X,A) 2 cocatc(X)− 1.
Moreover, assume that either dimH∗(A) or dimπ∗(X) is finite and let m be such that,
π>m(X)= 0, or else H>m(A)= 0. Then
nilEm∗ (X,A) 2 cocatc(X)− 1.
2. The proofs
In the sequel we will use the theory of Sullivan and Quillen minimal models. The reader
will find in [5,11] the basic material of this theory. Here we recall the “relative” basic facts
we need for our purposes. Our ground field is Q. Let (B,d) be a 1-connected commutative
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graded differential algebra (cgda for short). A minimal Sullivan algebra relative to (B,d) is
a cgda of the form (B ⊗ΛV,d), where ΛV denotes the free commutative graded algebra
on the graded vector space V , d extends that of B and Imd ⊂ B+ ⊗ΛV + B ⊗Λ2V ,
where B+ are the elements of positive degree of B .
Let (B ⊗ΛV,d) be a relative Sullivan algebra to (B,d) and (A,dA) a cgda. A relative
homotopy to (B,d) between two morphisms that agree on B , φ0, φ1 : (B ⊗ ΛV,d)→
(A,dA), is a morphism
φ : (B ⊗ΛV,d)→ (A,dA)⊗Λ(t, dt)
such that (1 ⊗ εi)φ = φi, i = 0,1, and such that φ(b) = φ0(b) = φ1(b), for each
b ∈ B . Here ε0, ε1 :Λ(t, dt)→ Q are the morphisms we obtain by sending t to 0 and 1
respectively. We say that φ0 and φ1 are homotopy relative to B .
A basic result is the lifting lemma [5]:
Lemma 2.1. Given a commutative diagram of gda’s:
(B,d)
i
α
(C,dC)
q
(B ⊗ΛV,d)
ψ
θ
(A,dA)
such that i is the inclusion in the relative Sullivan algebra (B ⊗ ΛV,d) and q is
a quasi-isomorphism, there exists a unique morphism (up to relative homotopy to B)
θ : (B ⊗ΛV,d)→ (C,dC) that extends α and lifts ψ up to a relative homotopy.
If φ : (B,d)→ (C,dC) is a morphism between to 1-connected cgda’s, there exists a
relative minimal Sullivan algebra (B ⊗ ΛV,d), unique up to relative homotopy, and a
quasi-isomorphism
q : (B ⊗ΛV,d) −→ (C,dC)
that agrees with φ on B .
The pair (B ⊗ΛV,d) and q , is called the Sullivan minimal model of φ.
If (ΛV,d) is the minimal model of X E(X) is identified with E(ΛV ) the group of
homotopy classes of automorphisms of ΛV that induce the identity in the indecomposable
elements. If
(ΛV,d)→ (ΛV ⊗ΛW,d)→ (ΛW,d)
is the model of the fibration
F →E→ B
we can also identify E(E,B) as a group of relative homotopy classes to ΛV (we refer to
this as fibre homotopy classes) of automorphisms ϕ of ΛV ⊗ΛW such that
ϕ(v)= v, ∀v ∈ V,
ϕ(w)−w ∈ (Λ+V ⊗ΛW)⊕Λ2V, ∀w ∈W.
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We can develop parallel results taking differential graded Lie algebras (dgla for short)
instead of cgda. In this context the KQ-extensions plays the same role than the relative
Sullivan algebras.
A Koszul–Quillen extension, or KQ-extension, is a sequence of dgla’s
(L, ∂)
i
↪→ (L ∗L(U), ∂) ρ−→ (L(U), ∂).
whereL(U) is the free graded Lie algebra over the graded vector space U , i is the inclusion
and ρ is the projection over the ideal generated by L+, the elements of positive degree of
L. Here ∗ means the coproduct in the category of dgla’s.
We call the KQ-extension minimal if
Im∂ ⊂ L+ ∗L(U)+L ∗L2(U).
As with Sullivan algebras, in the context of 1-reduced dgla’s we have the concepts of
Lie model, relative homotopy, lifting lemma and Quillen model of a dgla morphism.
Again we may identify the group E∗(X) as the group of homotopy classes of
automorphisms of L(W) that induce the identity in W .
Dual to Sullivan models, if
A ↪→X→X/A
is a cofibration, (L(W), ∂) is the minimal model ofA, and (L(W), ∂) ↪→ (L(W)∗L(U), ∂)
is the minimal KQ-extension of the inclusionA ↪→X, then (L(U), ∂) is the minimal model
of the cofibre. We call
(
L(W), ∂
)
↪→ (L(W) ∗ L(U), ∂)→ (L(U), ∂)
the Quillen minimal model of the cofibration.
Again we can identify E∗(X,A) as a group of relative homotopy classes to L(W) (we
refer to this as cofibre homotopy classes) of automorphisms ϕ of L(W) ∗ L(U) such that
ϕ(w)=w, ∀w ∈W,
ϕ(u)− u ∈ (L+(U) ∗L(W))⊕L2(U), ∀u ∈U.
We recall briefly the characterization of catX and cocatX in terms of Sullivan and
Quillen minimal models respectively.
Let (ΛV,d) be a Sullivan model of X, and consider the Sullivan model of the projection
π :ΛV →ΛV/Λ>mV
ΛV
π
j
ΛV/Λ>mV

ΛV ⊗ΛW
catX is the least integer m, such that j has a homotopy retraction r :ΛV ⊗ΛW →ΛV ,
that is, r ◦ j ∼ idΛV . If the model is minimal this is equivalent to the existence of a
retraction r of j , that is, r ◦ j = idΛV .
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Dually if L(W) is a Quillen model of X cocatX is the least integer m such that the
model of the projection π
L(W)
π
j
L(W)/L>m(W)
L(W ⊕U)

has a homotopy retraction r :L(W⊕U)→ L(W). If the model is minimal this is equivalent
to the existence of a retraction.
With this in mind as motivation we make the following definitions of catf (E) and
cocatc(X).
Let F →E p→ B be a fibration and let (ΛVB,d)→ (ΛVB ⊗ΛVF ,d)→ (ΛVF ,d) be
its model. Call Z = VB ⊕ VF and let ΛZ ⊗ΛT be the Sullivan model of the projection
ΛVB ⊗ΛVF =Λ(VB ⊕ VF ) π→Λ(VB ⊕ VF )/Λ>s(VB ⊕ VF ).
ΛZ
π
ms
ΛZ/Λ>sZ
ΛZ⊗ΛT

Definition 2.2. The fibre category, catf (E), is the least integer s such that there is a fibre
homotopy retraction of ms , that is to say, there is a morphism hs :ΛZ ⊗ΛT →ΛZ such
that it is the identity in ΛVB and the composition hsms is fibre homotopy to the identity in
ΛVB ⊗ΛVF .
The next two facts are immediate from the definition:
(1) As a fibre homotopy retraction is in particular a homotopy retraction, for any fibration
F →E→ B , catE  catf (E).
(2) If (ΛVB⊗ΛVF ,d) is a minimal model (which is equivalent to π∗(p) being surjective),
then it is trivial that catf (E)= catE.
Dually let A→X→X/A be a cofibration and consider its Quillen model. (L(W), ∂)→
(L(W) ∗ L(V ), ∂)→ (L(V ), ∂¯). Call U = W ⊕ V and let L(U) ∗ L(T ) be the Quillen
model of the projection L(W) ∗L(V )= L(W ⊕ V ) π→ L(W ⊕ V )/L>s(W ⊕ V ).
L(W) ∗L(V ) π
ms
L(U)/L>s(U)
L(U) ∗L(T )

Definition 2.3. The cofibre cocategory, cocatc(X), is the least integer s such that exists a
cofibre homotopy retraction of ms , that is to say, there is a morphism hs :L(U) ∗ L(T )→
L(U) such that it is the identity in L(W) and the composition hsms is cofibre homotopy to
the identity in L(W) ∗L(V ).
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It is immediate from the definition that:
(1) cocatX cocatc(X).
(2) If (L(W) ∗ L(V ), ∂) is minimal, then cocatX = cocatc X, and this is equivalent to
H∗(i) be injective.
Proof of Theorem 1.1. We follow an analogous procedure to that of [6] but in the relative
setting.
Let (ΛV,d) be a Sullivan minimal model, (ΛV ⊗ΛW,d) a relative Sullivan algebra
and let m be any positive integer or ∞ . For each r  1 let Gr be the subgroup generated
by those automorphism ϕ : (ΛV ⊗ΛW,d)→ (ΛV ⊗ΛW,d) satisfying:
ϕ(v)= v, ∀v ∈ V,
ϕ(w)−w ∈
⊕
2p+qr+1
ΛpV ⊗ΛqW,
for each w ∈Wk , with k m.
If [G1,Gr ] denotes the subgroup generated by the commutators of G1 and Gr , then it
is straightforward to see that [G1,Gr ] ⊂Gr+1.
It is clear that we can identify Em (E,B) with the fibre homotopy classes of elements in
G1. If we take r  2s where s = catf (E) and as we have [G1,Gr ] ⊂Gr+1 we obtain
⊕
2p+qr+1
ΛpVB ⊗ΛqVF ⊂Λ>s(VB ⊕ VF ).
Hence if φ is an r-commutator of elements in G1
(a) φ(w)−w ∈Λ>sZ, w ∈ V kF , k m, where Z = VB ⊕ VF ,
(b) φ(v)= v, v ∈ VB .
We are going to prove that φ is fibre homotopy to the identity. Consider the following
diagram:
ΛZ ΛZ/Λ>sZ
 ΛZ⊗ΛT =ΛVB ⊗ΛVF ⊗ΛT



ps

hs js ψs

where hs is a fibre homotopy retraction of js . Suppose π>m(F)= 0, then VF = VmF and
psφ = ps using (a) and (b). Therefore we have the following commutative diagram:
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ΛVB ΛZ⊗ΛT
ψs
ΛVB ⊗ΛVF psφ=ps
jsφ
js
ΛZ/Λ>sZ
By the lifting Lemma 2.1, jsφ is fibre homotopy to js . As hs is a fibre homotopy
retraction, hsjsφ ∼ φ is fibre homotopy to hsjs ∼ 1ΛZ . The same argument works to prove
the first part of the theorem.
Suppose now H>m(E)= 0 and consider the inclusion
σ :ΛVB ⊗ΛVmF ↪→ΛVB ⊗ΛVF .
Again using (a) and (b), psφσ = psσ , and jsφσ is fibre homotopy to jsσ . Composing with
hs , φσ is fibre homotopy to σ . Let
H :
(
ΛVB ⊗ΛVmF ,d
)→ (ΛVB ⊗ΛVF ,d)⊗Λ(t, dt)
be the fibre homotopy between φσ and σ . Consider the diagram:
ΛVB ⊗ΛVmF H ΛVB ⊗ΛVF ⊗Λ(t, dt)
1⊗ε0 
ΛVB ⊗ΛVF φ
H˜
ΛVB ⊗ΛVF
where we use again the lifting Lemma 2.1, to extend H to a fibre homotopy H˜ between
φ and a morphism σ˜ :ΛVB ⊗ ΛVF → ΛVB ⊗ ΛVF such that it is the identity in
ΛVB⊗ΛVmF . We finish the proof by showing that σ˜ is fibre homotopy to 1ΛVB⊗ΛVF . Let
I = (ΛVB ⊗ΛVF )>m⊕S be the differential ideal where S is a supplement of the cocycles
of degree m. Because H>m(E)= 0, I is acyclic and the projection
q :ΛVB ⊗ΛVF −→ΛVB ⊗ΛVF/I
is a quasi-isomorphism. As qσ˜ = q the next diagram commutes
ΛVB ΛZ
q
ΛZ q
σ˜
1
ΛZ/I
Again by Lemma 2.1, σ˜ is fibre homotopy to 1ΛZ and the theorem follows. ✷
Proof of Theorem 1.3. Let X(m) be the m-Postnikov stage of X. If H>m(X) = 0 the
natural maps [X,X] α→[X,X(m)] and [X(m),X(m)] β→[X,X(m)] are bijective, so we have
a bijection
γ : [X,X]→ [X(m),X(m)].
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The restriction of γ is an isomorphism
γ|Em∗ (X) :E
m∗ (X)= E∗(X)
∼=−→ Em∗
(
X(m)
)
.
So we can suppose that X = X(m) and hence if (ΛV,d) is the minimal model of X,
V = Vm. By induction on r we are going to prove that solEm∗ (X)  r − 1. Let r = 1,
then V = V n0 for some n0 m. Then (ΛV,d)= (ΛV n0 ,0) and clearly Em∗ (ΛV )= {1}.
Suppose now that in (ΛVm−1, d) there are exactly r−1 orders n1, . . . , nr−1 such that
V ni = 0, i = 1, . . . , r − 1. By induction
solEm−1∗
(
ΛVm−1
)
 r − 1.
Consider the group morphism
Em∗ (ΛV )→ Em∗
(
ΛVm−1
)
induced by
[X,X]→ [X(m−1),X(m−1)].
Composing with the inclusion Em∗ (ΛVm−1)⊂ Em−1∗ (ΛVm−1) we obtain a morphism
ρ :Em∗ (ΛV )→ Em−1∗
(
ΛVm−1
)
that sends f to f|ΛVm−1 . Let Γr−1 be the (r − 1)th derived subgroup of Em∗ (ΛV ) and let
f,g ∈ Γr−1. By our hypothesis ρ(f )= ρ(g)= 1, that is to say,
f|ΛVm−1 = g|ΛVm−1 = 1ΛVm−1 .
We consider the initial terms of the dual Barrat–Puppe sequence associated to the
fibration
X(n+1) q−→X(n) kn−→K(πn+1, n+ 2)
where kn is the nth Postnikov invariant of X and πn+1 = πn+1(X). If we model the
action of the group [X(n+1),K(πn+1, n + 1)] in [X(n+1),X(n+1)], we get an action of
[(ΛV n+1,0), (ΛVn+1, d)] on [(ΛVn+1, d), (ΛVn+1, d)] as follows: given
(
ΛV n+1,0
) α−→ (ΛVn+1, d) and (ΛVn+1, d) f−→ (ΛVn+1, d).
define f • α as the composition
(
ΛVn+1, d
) µ−→ (ΛV n+1,0)⊗ (ΛVn+1, d) f ·α−→ (ΛVn+1, d),
where µ is given by µ(v)= v⊗ 1+ 1⊗ v.
Also, it is well known that given two automorphism f and g, f|ΛVn = g|ΛVn if and
only if there exists a morphism (ΛV n+1,0) α→ (ΛVn+1, d) such that f • α = g.
Then there exists morphisms α,β : (ΛVm,0)→ (ΛVm−1, d) such that f = 1 • α and
g = 1 • β . Clearly f (g(v)) = g(f (v)) = v, v ∈ Vm−1. On the other hand, if v ∈ V m,
g(v)= 1 • β(v)= v + β(v) and f (v)= v + α(v).
Thus, if v ∈ V m,
fg(v)= f (v+ β(v))= f (v)+ fβ(v)= v + α(v)+ β(v).
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In the same way
gf (v)= v + β(v)+ α(v).
As fg = gf we obtain Γr = {1} and then
solEm∗ (X) r − 1
as desired. ✷
Proof of Theorem 1.4. This is the dual proof to the given in Theorem 1.1. We consider
a KQ-model (L(W), ∂)→ (L(W) ∗ L(V ), ∂)→ (L(V ), ∂¯) of the cofibration A ↪→ X→
X/A. For each r  1 let Gr be the subgroup of the automorphisms of (L(W ⊕ V ), ∂)
generated by those ϕ : (L(W ⊕ V ), ∂)→ (L(W ⊕ V ), ∂). That verifies
ϕ(w)=w, ∀w ∈W,
ϕ(v)− v ∈
⊕
2p+qr+1
Lp(W) ∗ Lq(V ), v ∈ V k, k m.
Then we have [G1,Gr ] ⊂ Gr+1. We identify Em∗ (X,X/A) with the relative classes of
elements in G1. If φ is an r-commutator of elements in G1 we have
φ(w)=w, w ∈W and φ(v)− v ∈ L>s(U) if v ∈ Vm.
Take s = cocatc(X) and consider the Quillen model of the projection ps :L(U) →
L(U)/L>s(U). hs is a relative homotopy retraction of js :
L(U) L(U)/L>s(U)
 L(U) ∗L(T )



ps

hs js ψs

As in Theorem 1.1 if r  2s we prove that φjs is relative homotopy to js and using hs
we obtain that φ is relative homotopy to 1L(U). Thus, the theorem follows. ✷
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